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THE DAUGAVET PROPERTY IN THE MUSIELAK-ORLICZ SPACES 


ANNA KAMINSKA AND DAMIAN KUBIAK 


Abstract. We show that among all Musielak-Orlicz function spaces on a cr-finite non-atomic complete 
measure space equipped with either the Luxemburg norm or the Orlicz norm the only spaces with 
the Daugavet property are Li, L x , L\ ®i L ^ and L i ©c*, L^. In particular, we obtain complete 
characterizations of the Daugavet property in the weighted interpolation spaces, the variable exponent 
Lebesgue spaces (Nakano spaces) and the Orlicz spaces. 


1. Introduction 

Let ( X , || • ||) be a Banach space and T : X — > X be a bounded linear operator. The equation 
(1) ||T + /|| = 1 + ||T||, 

where / is the identity operator on X, is called the Daugavet equation. If the Daugavet equation is 
satisfied by every rank one operator T then X is said to have the Daugavet property. It is known that 
if X has the Daugavet property then Eq. m is satisfied by every weakly compact operator. 

Eq. (P) was first studied by I.K. Daugavet in the space C(0,1) [10]. Examples of spaces which 
have the Daugavet property are L\ and over a non-atomic measure space as well as C(K), where 
K is a compact Hausdorff space with no isolated points. Moreover, finite direct sums ©i and ©oo 
of spaces with the Daugavet property possess that property as well [28] , It is known that Banach 
spaces with the Daugavet property fail the Radon-Nikodym property and do not embed into a space 
with an unconditional basis. For a historical overview on the Daugavet property we refer to [4]. An 
introductory exposition on the Daugavet equation and the Daugavet property can be found in [2j. 

It has been recently showed that among all rearrangement invariant function spaces over a non- 
atomic finite measure spaces only L\ and L ^ have the Daugavet property Ennj. Inspired by that 
result we study the Daugavet property in the class of Musielak-Orlicz function spaces on a u-hnite 
non-atomic complete measure space. These spaces are not rearrangement invariant in general. The 
variable exponent Lebesgue spaces (Nakano spaces) and the Orlicz spaces appear as special cases 
of the Musielak-Orlicz spaces. It should be mentioned that the class of Musielak-Orlicz spaces we 
consider here is the most general and includes also the interpolation spaces L\ 0 L <*, and L\ + L 0c , as 
well as their weighted versions which are studied in Section 3. In section 4, using an observation that 
the unit sphere of a Banach space with the Daugavet property does not contain a uniformly non -i\ 
point, we prove that the only Musielak-Orlicz spaces (equipped with either the Luxemburg norm or 
the Orlicz norm) with the Daugavet property are L\, L^, L\ ©i L <*, or L\ ©^ L 0Q with weights. This 
generalizes several results obtained earlier in [5] and solves the problem of the Daugavet property in 
the Musielak-Orlicz spaces completely. In the appendix we give a proof of Kothe duality in the most 
general case of the Musielak-Orlicz spaces. That result is of course well known but it seems that a 
direct proof in such generality has never been published. 
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2. Preliminaries 

For a Banach space A, by S(X) and B(X) we denote the unit sphere and the unit ball, respectively. 
The space of all bounded linear functionals on X is denoted by A"*. Let (A, || ■ ||) be a (real) Banach 
space. For any x* £ S(X*) and e > 0 the set 

S{x*- e) = {x £ B{X) : x*x > 1 — e} 

is called a slice determined by x* and e. We say that a Banach space (A, || • ||) has the slice (or local) 
diameter 2 property if every slice of B{X) has diameter 2. It is known that every space with the 
Daugavet property has the slice diameter 2 property [lj. 

Let X and A be Banach spaces with norms || • ||x and || • ||y, respectively. By A ©i Y we denote 
the Banach space consisting of all ordered pairs (x, y ) where x £ A and y £ Y with the norm 
||(x,y)|| = ||x||x + ||y||y. Similarly, by A ©oo Y we denote the Banach space consisting of all ordered 
pairs (x,y) where x £ X and y £ Y with the norm ||(x,y)|| = max{||x||x, ||y||y}. It is clear that 
(A ©i Y)* = X* ©oo Y* and (A ©^ A)* = A* ©i Y* with equality of norms. The fact that two Banach 
spaces X and Y are isometrically isomorphic is denoted by A ~ Y or by A = Y if an isometric 
isomorphism between A and Y is obvious (for example the identity mapping). 

In the sequel we assume that (fI,S,/r) is a non-atomic a -finite complete measure space. By Lq = 
Lo(£l) we denote the set of all (equivalence classes with respect to the equality p-a.e. of) measurable 
extended-real valued functions on fL 

Let (A, || • ||x) be a Banach function lattice on (fi, £,/z), that is A C Lq and if |x| ^ |y| p-a.e. on 
12, x £ L o, y £ A then x £ X and ||x||x ^ ||y||x- For any function x £ Lq, the support of x is defined 
by supp(x) = {t £ SI : x(t) ^ 0}. Recall that supp(A) is a measurable subset of 12 such that every 
element of A vanishes p-a.e. on SI \ supp(A) and for every measurable subset E of supp(A) with 
positive measure there is a measurable set F C E with finite and positive measure such that xf € A 
[9] p. 14]. An element x £ X is called order continuous if for every 0 ^ x n ^ |x| such that x n j. 0 
p-a.e. it holds ||x n ||x —>• 0. By X a we denote the set of all order continuous elements of A. A Banach 
function lattice X is said to have the Fatou property whenever for any sequence (x n ) in A and x £ Lq 
such that x n —> x p-a.e. on 12 and sup ||x n ||x < oo, we have that and ||x||x ^ lirninf ||x n ||x- 

Given a measurable set T C O we denote A(T) = {x £ X : p(supp(x) \T) = 0} and the norm || • ||x(r) 
on A(T) is defined by ||x||x(r) = ll x Ar||A- It is clear that A(T) is continuously embedded in Lq. 

Let (A, || • ||x) and (A, || • ||y) be Banach function lattices on (J7,S,/r) with the Fatou property and 
let ri,r 2 be measurable sets such that T 2 C Ti C Lt. We define 

A(r x ) n A(r 2 ) = A(r 2 ) n A(r x ) = {x g l 0 ■. x e A(r x ) and x X r 2 g a(t 2 )}, 

and equip it with the norm 

M = ll x IUqr 1 )ny(r 2 ) = Iklly^jnAqro = max{||x|| x{ri ), ||x X r 2 l|y(r 2 )}- 

It follows that (A(Ti) fl A(r 2 ), || • ||) is a Banach function lattice on (O, S, p) with the Fatou property 
and supp(A(Ti) n A(T 2 )) = Ti. Moreover, we set 

A(Ti) + A(r 2 ) = A(r 2 ) + A(Ti) = {z G L 0 : z = x + y for some x G A(r x ) and y £ A(r 2 )}, 
and equip it with the norm 

ll 2 H S = lkllx( ri )+y(r 2 ) = lklly(r 2 )+x(ri) = inf {ll^llAO(ri) + ||2/||y(r 2 ) : * = x+y,x £ A(Fi ),y £ A(r 2 )}. 

Again, (A(Ti) + A(T 2 ), || • 11^) is a Banach function lattice on (0.,T,,p) with the Fatou property and 
supp(A(ri) + A(r 2 )) = Ti. The proof of completeness of A(Ti) D A(T 2 ) and A(Ti) + A(T 2 ) is 
essentially the same as the proof of Theorem 1.3 B P- 97], 

It should be noted that given two Banach function lattices A and A on (12, E, p) the space X D A 
is usually defined (explicitly or implicitly) as the set of functions belonging to both, A and A (see 
for example [6:, p. 97],[23, p. 9] or [9] p. 16]). However, as we will see in Theorem 14.31 we need to 
consider spaces A D A as defined in the previous paragraph. 

Recall [23] p. 44] that the Kothe dual X' of A is the collection of those y £ Lq such that supp(y) C 
supp(A) and 
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The space (X', || • ||x') is a Banach function lattice on (fl, £, p) with the Fatou property and supp(X') = 
supp(X). A functional F £ X* is said to be order continuous if F(x n ) —> 0 whenever x n , x £ X, x n —X 0 
and \x n \ ^ x p- a.e. on fL It is known that F € X*. the set of all order continuous functionals on X, 
if and only if there exists a unique y £ X' such that F(x) = xy dp and ||F|| = ||y||x'- Hence X' is 
isometrically isomorphic to X*. Moreover X" = X with equality of norms if and only if X has the 
Fatou property. For details on Banach lattices see [6[l9lf23.;2T]. 

Recall also the following result on Kothe duality of spaces Xfl Y and X + Y (cf. Lemma 1.12 [9j, p. 
18]). 

Theorem 2.1. Let (X, || • ||x) and (Y, || • ||y) be Banach function lattices on (Q,Y,p) with the Fatou 
property and r 2 CTj cfl, where Ti, T 2 are measurable sets of positive measure. The following Kothe 
dualities hold true, 

(x(ri) + y(r 2 ))' = x^y n y(r 2 y 

and 

(x(ri) n y(r 2 ))' = x^y + y(r 2 y 

with equality of norms. 

A function (p : [0, oo) —x [0, oo] is called an Orlicz function, if p is not identically 0, lim u _ >0 + ( p( u ) = 
p(0) = 0, and ip is left continuous and convex on (0,6^,], where bp = supju > 0 : ip(u) < oo}. It 
follows that tp is continuous on (0, bp). For an Orlicz function ip we define ap = supjri ^ 0 : ip(u) = 0} 
and dp = supjri £ [0,6^) : p(u/ 2) = p(u)/ 2}. Clearly 0 ^ ap ^ dp ^ bp ^ oo, a,p < oo, and bp > 0. 
Moreover, if ap = 0 and dp > 0 then p(u) = cu for all u £ [0, dp) and some constant c > 0. Clearly, if 
ap> 0 then dp = Op. For convenience we denote p(oo) = oo. 

A function M : Six [ 0, oo) —X [0, oo] is called a Musielak-Orlicz function if for p-a.e. t £ H, M(t, ■) 
is an Orlicz function and for all u ^ 0, M(-,u) is measurable. 

For a Musielak-Orlicz function M we define the functions a^-(t) = sup{u ^ 0 : M(t,u ) = 0}, 
&w(t) = sup{tt > 0 : M(t,u) < oo} and dM(t) = sup{u £ [0, &m(^)) : M(t,u/ 2) = M(t,u)/ 2}. The 
functions am, and dM are measurable HUSH. The basic pointwise properties of the functions om, 
bM and dM follow from the above discussion on Orlicz functions. 

For a Musielak-Orlicz function M the complementary function JV : SI x [0, oo) —> [0, oo] is defined 
by 

N(t,u) = supjun — M(t,v) : v > 0}, t £ SI and u ^ 0. 

It is known, that the function N complementary to M is a Musielak-Orlicz function. 

Let M and N be complementary Musielak-Orlicz functions. The semimodular pm '■ Lq —x [0, oo] 
given by 

Pm(x) = / M(t,\x(t)\)dp 
Jn 

is convex and defines the Musielak-Orlicz function space 

Lm = {x £ Lq : pm(^x) < oo for some A > 0} 

with the Luxemburg norm 

\\x\\m = inf{A > 0 : pm(x/ A) ^ 1}. 

We also consider the space Em of all finite elements in Lm , 

Em = {x £ Lq : pm{ Ax) < oo for all A > 0}. 

For details on modular spaces and (semi)modulars we refer to [26 ]. 

Recall that the Kothe dual (Lm, || ■ \\m Y — ( Ln, || • IIax )5 where 

\\x\\° N = sup jV xydp:p M (y)^ 1 

is the Orlicz norm on La (see Theorem 15.41 ). The Orlicz norm is equal to the Amemiya norm [12[|16| . 
that is 
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Moreover ( Lm , || ■ || ° M )' = (Ljy, || • ||jy) (see Theorem 15.31) . It is known that \\x\\m ^ ^ 2||x||m for 

all x £ Lm [26l p. 9]. In the sequel, we denote Lm = ( Dm , || ■ ||m) and L° N = ( Ln, || • ||^). It follows 
from the general theory of Banach lattices that L* M is isomorphic to (Lm)' © S, where S is the set of 
all singular functionals on Lm- Moreover, every singular functional evaluates to 0 at order continuous 
elements of Lm [25] . Since (Lm)' = L° N so L° N is isometrically isomorphic to a subspace of L* M . 

If a Musielak-Orlicz function M(t, u) = <p(u) f° r all t £ Ll, where ip is an Orlicz function, then Lm = 
Lp is called an Orlicz space. In this case we denote ift(u) = N(t,u), where N is the complementary 
function of M [7j. 

Let p £ Lq be such that 1 ^ p(t) ^ oo. If, for p-a.e. t £ Li, 

^ if t£Ll\Ll 00 , 
a(u) if t £ floo, 


M(t, u) = 


where Ll 0 0 = {t £ Ll : p(t) = oo} and a(u) = 0 for 0 ^ u ^ 1 and a(u) = oo for u > 1 then the space 
Lm is called a variable exponent Lebesgue space (or Nakano space) and is denoted by L p ny 

We use the standard convention that a/0 = oo, a/oo = 0, oo/a = oo for a E (0, oo), 0 • oo = 0, 
oo ^ oo, inf 0 = oo. 


3. Weighted Interpolation Spaces Ly v + L 00<w and Ly w n L 00yV 

In this section we study the Daugavet property in weighted interpolation spaces L\ )V + Loo,™ and 
L\ w CLoo tV , which are in fact, as we will see in the next section, the Musielak-Orlicz spaces generated 
by certain Musielak-Orlicz functions. We prove the criteria of the Daugavet property in both spaces 
which will be applied in the proofs of main results in section 4. 

For a measurable set T C Ll, a function u £ Lq(LI) is called a weight function on T if 0 < u < oo 
/i-a.e. on T. Given an arbitrary weight function u on Ll, we denote 

Lqo,u — L 00 ^( 17 ) — {x E Lq . xu £ Lo^fl)} 

and equip it with the standard norm 

||a;||oo.tj = ||aui||oo = esssup ten \x(t)u(t)\. 

Similarly 

L\ u — Ly u (Ll) — {x E Lq . xu £ Lu(I2)} 

and 

xu\ dp. 

Let r C Ll be a measurable set with p(F) > 0 and u be a weight function on T. It follows that 

Loo,u(L) = {x £ L 0 : /i(supp(x) \T) = 0 and xu £ L oc (r)} 

and for x £ L^^F), Hxjloo^ = esssup ter \x(t)u(t)\. Similarly 

Ly u (F) = {x £ Lq : /j(supp(x) \ T) = 0 and xu £ Li(r)} 

and for x £ Ly u (F), ||x||i )U = f r \xu\dp. Both spaces (L 00 i „(r), || • H^^) and (Li )U (r),|| ■ ||i iU ) are 
Banach function lattices on (Ll,T,,p) with the Fatou property continuously embedded in L$ and with 
supp(L 00 , u (r)) = supp(Li, u (r)) = r. 

It is clear that Li iU (r) ~ Li(r) by the isometric isomorphism from L\ tU (F) to Li(T) mapping x i—>• 
xu. Similarly, Loo,u(F) ~ Loo(r). It follows that (Li >u (F))' = Loo,i/u( r ) and (Loo, 44 (F))' = L ll/u (F) 
with equality of norms. 

Let v,w £ Lq be weight functions on T and fl, respectively, where p(F) > 0. We consider the 
following spaces (see introduction), 

L\^w(Ll) n Lqq^ v (r) — {x £ Lq : x £ Li tW (Ll ) and xxr E ^^^(r)} 
equipped with the norm 

Il a; ||i 4 ),u = ll a 'llii, w (f 2 )nZ/cx 3 ,«(r) = max{||x||i tW , ||xxr||co,u}) 

and 

Loo,w(ty + L\ jV (T) = {x £ Lg : x = y + z for some y £ Loo,w(ty and z E Li, u (r)} 
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equipped with the norm 

ll*llS,t» = ll x llT 0 o, w (n)+L 1 ,4r) = inf {ll2/lloo,«; + \\z\\ ltV : x = y + z, y G (fi), z G Li tV (T)}. 

Both Li^fynLoo^T) and L oo w (Q)+Li v (T) with their respective norms are Banach function lattices 
on (Ll,T,,p) with the Fatou property and with supp(Li jUJ (n)nL 00jV (r)) = supp(L 00iTO (fi) + -£u,t;(r)) = 
Ll. Moreover, the following Kothe duality holds true (see Theorem m, 

(Li >w (Q) fl Too,■!;(^)) , = L oo l/ / WJ (n) + L 1)1/v (T), 

and 

(-^oo, 1 /id(^) + L 1i1/v (T)Y = Li >w (Cl) n Loo,t;(r). 

The following lemma gives two useful conditions equivalent to the Daugavet property. 

Lemma 3.1 (See (18] Lemma 2.2). The following are equivalent. 

(i) A Banach space (X, || ■ ||) has the Daugavet property. 

(ii) For every x G S(X) and y* € S(X*) and every e > 0 there is x* G S(X*) such that x*(x) > 1 — e 
and ||x* + y*|| > 2 — e. 

(iii) For every x G S(X) and x* G S(X*) and every e > 0 there is y G S(X) such that x*(y) > 1 — e 
and ||x + y|| > 2 — e. 

We need two technical lemmas. 

Lemma 3.2. Let T be a measurable subset of LI with p(T) > 0 and v,w G Lq be weight functions on 
T and LI, respectively. Let the space X = Li^(T) + L 00]W (fl) be equipped with the norm ||x|| = ||x||^„ 
Then 

X* — (LoQ'i/^T) n L 11 /w (Ll)) © S 

and the norm on X* is given by 

||F|| = max{||/xr||oo,i/v) ||/||i,i/™ + Ill’ll}, 

where F = F\ + T, F\(y) = fy dp for some f E L oo l / v (T)C\L 1 ^/ w (Ll) andT is a singular functional 

on X. 

Proof. The method of proof is similar to the proof of Theorem 2.12 [3]. By Theorem 12.11 and from the 
general theory of Banach lattices we have that X* ~ (Ax,,iA,(r) fl L 1 ,i/ w (Ll)) © S. Let x G X, that 
is x = y + z where y G Li^T) and z G L 00i „,(f2). Let F, F\, T and / be as in the statement of the 
theorem. Since y is an order continuous element of X we have that T(y) = 0. Hence 

l-F(*)| < \ F i(y)\ + IA A) | + \T(z)\ ^ f \fyxr\ dp + f \fz\dp + \\T\\\\z\\ x 

Jfi Jo, 

^ ||/Xr||oo,l/t)||y||l,u T ||/||l,l/lU Halloo, W T Ill'll Halloo,to 

^ max{||/xr||oo!/v, Il/||i,i/iu + IIAIKIMIm + INIU,™)- 

Therefore \\F\\ ^ max{||/xr||oo,i/t»> \\f\\i,i/w + HAD- 

For every 0 ^x = y + z£X with y G Li^ v (T) and 2 G L^^Li), since y is an order continuous 
element of X, |T|(y) = 0. Hence, for every e > 0, there are 0 ^ yo G Li ]1 ,(r) and 0 ^ zo G L 00iU) (H) 
such that 

IMIm + H^o ||oo,ui < 1 + e and |T|(z 0 ) > ||T|| - e/2. 

Since / G Li^/ w (Ll) there exists 0 ^ z\ G H(L 00j , i) (H)) such that 

\Fi\(zi) = / \f\z 1 dp>\\f\\ lil/w -e/2. 

Jn 

For Z 2 = maxj^o, zi} we have that 0 ^ Z 2 G X and 

\F\(z 2 ) = \F 1 \(z 2 ) + \T\(z 2 )= I \f\z 2 dp + \T\(z 2 ) 

Jci 

> f l/ki dp + \T\(z 0 ) > \\f\\ lil/w + ||T|| - e. 

Jn 
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Since ||^2||S v < 1 + e, we get that 

\\F\\>(\\f\\ ljl/w + \\T\\-e)/(l + e). 

It follows that ||F|| ^ \\f\\i,i/ w + ||T||. We also have that 

\\F\\ = sup \F(x)\ ^ sup \F(x)\ 

ll*Xrl|i,^l 


II T 11 ^ <d 1 


= sup l^ 7 ! (a:) | = sup 
||zxr||i,v<l Ikxrlh.D^ 1 


/ 

Jn 


fxrx dp 


I / \t||oo,1/V 


Hence ||F|| ^ max{||/xr||oo, i/„, 11/*|| 1,1/iu + Ill’ll} and the claim follows. 


□ 


Lemma 3.3. Let T be a measurable subset of Ll with p(T) > 0. Let v,w £ Lq be weight functions 
on T and H, respectively. The space X = Li <v (T) + Loo, 10 (H) equipped with the norm ||x|| = ||x||^ w is 
order continuous if and only if p(Ll \ T) = 0 and v/w dp. < oo. 


Proof. Assume first that p(Ll \ T) = 0 and f Q v/w dp < oo. Let x £ X be arbitrary, that is x = y + z 
where y £ L i jt) and z G L^^. Since || ^|| i,u = j i ,\z\wv/wdp ^ ||^||oo,«) Jq v/w dp < oo we get 
||x||i ji; < oo, that is x £ L\ )V . It follows that X = L\ tV as sets and ||x|| ^ ||a:||i^ for every x £ X, and 
consequently (A, || • ||) is order continuous. 

If p(fl\r) > 0 then in order to see that X is not order continuous it is enough to take x = (l/w)xn\r 
and x n = (1 /w)xa„, n £ N, where (A n ) C fi\T is a sequence of measurable sets such that A n+ \ C A n , 
n £ N and p(A n ) —> 0 as n —> oo. 

Assume now that /r(H \ T) = 0 and J^v/w dp = oo. We have two cases. 

Case 1. There is a measurable set A C H of finite measure such that f A v/wdp = oo. In this case 
there exists a sequence (A n ) of measurable subsets of A such that A n+ \ C A n for n £ N, p(A n ) —>■ 0 
as n —> oo and f A v/w dp = oo, n £ N. Let x = (\/w)xa and x n = (1 /w)xA n , n £ N. We have 
that 0 ^ x n ^ x on LI and x n | 0 p- a.e. on H. But ||x|| = ||x n || = 1 for every n £ N. Indeed, 
clearly ||x n || ^ 1. Let x n = y n + z n where y n £ L i,u(T), z n £ L 0 QjW and for c £ (0,1) denote 
B c = {t £ A n : \y n (t)\ > c/w(t)}. Since y n £ L i,„(r) it must be that f B v/w dp < oo. It follows that 
p(A n \B c ) > 0, \z n \ ^ (1 -c)/w on A n \B c and ||y n ||i jV + Halloo,™ > Iknlloo,™ > 1 -c. Since c £ (0,1) 
was arbitrary, we get that ||a; n || = 1, n £ N. Similarly ||x|| = 1. Hence X is not order continuous. 

Case 2. For every measurable set A C fi of finite measure J A v/wdp < oo. In this case p(Ll) = oo. 
By a-finiteness of p there exists a sequence (A n ) of measurable sets such that H = U/f =1 A n , A n C A n+ 1 , 
p{A n ) < oo, n £ N. Clearly J^^v/wdp = oo, n £ N. Let x = (l/w)xn and x n = (1 /w)xn\A n , 
n £ N. We have that 0 ^ x n ^ x on H and x n j. 0 p- a.e. on H. But ||x|| = ||a; n || = 1 for every n £ N. 
Indeed, clearly ||x n || ^ 1. Let x n = y n + z n where y n £ Li tV (T), z n £ L a0>w and for c £ (0,1) denote 
B c = {t £ Q \ A n : \y n (t)\ > c/w(t)}. Since y n £ Li tV (T) it must be that f B v/w dp < oo. It follows 
that /r( (H \ A n / \ B c / 0, | z n | ^ (1 c)/w on (H \ A n / \ B c and \\yn || i,o T || %n ||oo,io ^ 11 Zn ||oo,w; ^ 1 c. 
Thus ||® n || = 1, n £ N. Analogously we show that ||x|| = 1. Hence X is not order continuous. □ 


The following lemma gives conditions on weights v and w for which the space Li tV (T) + L 00!tw (H) 
fails the Daugavet property. 


Lemma 3.4. Let T be a measurable subset of Ll with p(T) > 0 and v,w £ Lq be weight functions on 
T and Ll, respectively. The space X = Li i „(T) + L 00;U ,(H) equipped with the norm ||x|| = ||a;||S„ does 
not have the Daugavet property whenever p(Q \ T) > 0 or f r v/w dp > 1. 


Proof. We consider two cases. 

Case 1. Suppose first that p(Ll \ T) > 0 or J r v/w dp = oo. By Lemma HOI the space X is not order 
continuous. 

Clearly, there exist constants a, /3 > 0 and a measurable set Ho C T of positive and finite measure 
such that a ^ w(t),v(t) ^ /3 for all t £ Ho- Let A C Ho be a measurable set such that 0 < p(A) ^ /3/a. 
It follows that 


1 w(t) 
P(A) v(t) 


^ 1 for all t £ A. 


( 2 ) 
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Define 


1 1 

x = —tt-XA- 


li(A) v' 

Since ||x||i^ = 1 we have that ||x|| ^ 1. Let Fq £ X* be defined by the function /o = vxa, that is 
Fq(z) = f A vzd/i, z £ X. Since f 0 £ X' = dL 1 : 1 /w (n), \\f 0 \\oo,i/v = 1 and by © 


1,1/w 


Ja W 


dfj, ^ 1, 


we get that ||F 0 || ^ 1. Moreover F 0 (x) = 1. It follows that ||x|| = 1. 
Fix b £ [1/2,1) and let 0 < e < 1 and c > 1 be such that 

C6 

(3) 0 < -- ^ /i(A)a/(3 and 


(4) 


1 — ce 

ce < 1 — b. 


Define 

9 = —bvxA- 

Clearly ||g||oo,i/i; = b and by ©, ||<71| 1 , 1 /^ ^ b. Since the space X is not order continuous, there are 
non-trivial singular functionals on X. Let Si £ B(X*) be a singular functional on X with the norm 
IISiH = 1 - \\g\\i,i/w Define G £ X* by 

G(y)= [ gydy, + Si{y), y £ X. 

Jn 

By Lemma [3© ||G|| = maxll^ll^!/,,, \\g\\i A / w + 11‘S'iIII = 1- 

Let F £ S(X*) be such that F(x) > 1 — e. Since x £ L i, t ,(r) and Li, v (r) is order continuous and 
Ikll ^ Iklli^ for all 2 G Li )V (T) it is clear that x is an order continuous element of X. In view of F = 
Ft + S 2 where H £ B(X*) is an integral functional defined by a function h £ B(L ooA / v (r)nL 11 / w (Q)) 
and S 2 £ B(X*) is a singular functional on X and x is an order continuous element of X , we get that 
S 2 (x) = 0. Hence 


1 — e < F(x) = H(x) = 


1 


V 


K A ) Ja v 

It is not difficult to see that for every d > 1 there exists a measurable subset B C A with 9 (B) > 
d~ 1 y,(A) and 

h > (1 — de)v fi- a.e. on B. 

Taking d = c and the corresponding B C A from the above statement, in view of v ^ a and w ^ ft 
on A, we get that 

II^XbIIi.i/iu > {\-ce)n(B)a/p. 

Now, by Lemma lT2l we get ||/t,|| 1 , 1 /^ + 11S' 2 11 < ||F|| = 1, and so 

l|^Xn\s||i,i/i« + ll^ll = \\h\\i,i/w - ||i,i/id + ll^ll ^ 1 - (1 - ce)n(B)a/p. 

Now we show that ||F + G\\ x * ^ 2 - e. Since B C T, ||/ixr||oo,i/« = ||(V' u )xr||oo < ||-F|| = 1, 
h/v > 1 — ce > b fi- a.e. on B by @, and 1 — b ^ b we get that 

II h + g\\ix/w + 11‘S'i + 'S’ 2 II ^ ||(^ + g)xB\\i,i/w + ll(^ + g)xn\B II 1 , 1 /w + IISill + ||<S , 2 1| 

V 

— dg + ||^Xq\sIIi,i/«) + II^H + ||3Xn\B II i,i/u> + 11‘S'i || 

< (1 -b) bXBWxx/w + 1 - (1 - ce)n(B)a/ ft + b \\vXa\b\\ 1!1/w + M 

< 1 — (1 — ce)fi(B)a/ ft + ||ffXA||i,i/«, + ||<S'i || 

^ 2 — (1 — ce)fj,(B)a/f3 ^ 2 — e, 

where the last inequality follows from fi{B) > c _1 /r(H) and (©. Moreover, by © we get that 
||(/i T g)xv\\oo,i/v ^ II^Xr||oo,i/ii 4~ 111? 11 00,1 / u ^ 1 + & ^ 2 e. 

It follows that 

II F + G\\x* = max{||(/t + </)xr||oo,i/?n \\h + g\\i,i/w + 11‘S'i + S^H} ^ 2 — e, 




r 

h --„ 

Jb 

V 







ANNA KAMINSKA AND DAMIAN KUBIAK 


hence X fails the Daugavet property by Lemma [3TTHIT1) . 

Case 2. Suppose now that p(Ll\T) = 0 and 1 < v/w dp < oo. By Lemma [3731 the space X is order 
continuous. In this case the whole proof above can be repeated with the following modifications. If 
fa v/w dp ^ 2 then fix b = (f (} v/w dp )- 1 , g = —bvxn, and S\ = S 2 = 0 . Otherwise, find a measurable 
subset C C SI containing A such that f c v/wdp = 2, fix b = 1/2, g = —bvxc and Si = S 2 = 0. In 
both cases we have \\g\\pi/ w = 1, ||s||oo,i/t> = b< 1. Hence ||G|| = max{||fif|| 00)1/v , || 5 '||i.i/«,} = 1- □ 

Now we can characterize Li^(r) + L 00 :UJ (H) spaces with the Daugavet property. 

Theorem 3.5. Let T be a measurable subset of H such that p(T) > 0 and v,w £ Lq be weight 
functions on T and 0, respectively. Let the space X = Li tV (T) + L oc>! ^(D) be equipped with the norm 
INI = IWlSw The following conditions are equivalent. 

(i) X has the Daugavet property. 

(ii) X = L ltV . 

(iii) p(D \ T) = 0 and J^v/w dp ^ 1 . 

Proof. If /q v/w dfi ^ 1 and T = 11 up to a set of measure zero then ||x||i^ = /), |x |v dp = 
\x\wv/w dp ^ Halloo ,w Jqv/w dp ^ Hxlloo^ for every x £ X. It follows that, for every x £ X , 
if x = y + z where y £ Lp v and z £ Loo,™ we have that ||?/||i it , + ||-||oo,™ ^ || 2 /||i,o + ||z||i,i> > 
\\y + z\\p v = ||*|| M . Hence ||x|| ^ ||a:||i jt ,. The opposite inequality is obvious. Therefore ||x|| = ||a:||i jV 
for every x £ X. Since L\^ v C X we have that X = Li jV . Hence (iii) implies (ii) which in turn clearly 
implies (i). By Lemma 13.41 (iii) follows from (i). □ 


Similarly as above we describe D L 00 )t; (r) spaces with the Daugavet property. 


Lemma 3.6. Let T be a measurable subset of H such that p(T) > 0 and v,w £ Lq be weight functions 
on T and Ll, respectively. The space X = Li jW (Lt) 0 Loo^(r), with the norm ||x|| = ||x||^^ does not 
have the Daugavet property whenever p(Pl \ L) >0 or f r w/v dp > 1. 


Proof. We show that the condition (1ml) of Lemma 13. II fails. We consider two cases. 

(i) Assume that p(D \ T) > 0. Let c £ (0,1) and A C T be a measurable set of positive and finite 
measure such that 


f w 

c — dfi =: 7 £ ( 0 , c). 

Ja V 

Let C2 > 0 and A 2 C D \ T be a measurable set such that C2 f A w dp = 1 — 7. Define 


1 

x = c-xa + c 2 XA 2 - 

V 


Since ||x\r||oo,?; = c < 1 we have that ||x|| = 1 = ||x||i )U) . 

Let F € X* be induced by / = -( c/^wxa■ Since X' = L 00il/tu (fl) + L 11/v (T) and ||/||i,i/^ = 1 
we get that ||.F|| ^ 1. Let z = (1 /v)xa- Clearly || 2 ||oo,^ = 1 and = 7 /c < 1. Whence ||z|| = 1. 

Moreover F(z) = — 1. It follows that ||F|| = 1. 

We finish the proof using methods similar to those in Theorem 2.9 [3j or Proposition 4.3 [5]. 

Let 0 < e < 27(1 — c)/(l — c + 27 ) and y £ S(X ) be such that F(y) > 1 — e. Observe that e < 1 — c. 
Let 


D = {t € A: -y(t ) ^ 0}, E = \ t £ D : -y{t) ^ 


v{t) 


, B = It £ D : -y(t) > 


v(t) 


Since \yv\ ^ 1 p-a.e. on T, D = E U B and E (7 B = 0, we get that 

1 - e < F(y) = / —w(—y) dp ^ / -w(-y) dp = / -w(-y) dp + / -w(-y) dp 
JaT JdT Je 7 Jb 7 




f w c f 

/ c— dp + - 
7 Je v 7 Je 


7 Jb v 


w c 

dp ^ — 


IA v 


w f w \ c 

dp — c J — dp ] + 


Ib v 


w 


7 Jb v 


dp 


( f w , \ c f w , c , /' w 

7 — c — dp) + — — dp = c + -(1 — c) / — 

V Jb v J 7 Jb V 7 Jb v 


= ~ 7 - c 
7 


dp. 
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It follows that 

(5) 

We also have that 

( 6 ) 
and 


i 


— dy > —(1 - c - e). 
B v 1 - c 


IK® + y)xr||oo,i; < Ikxrlloo.w + ||yXr||oo,v ^c+l<2 -e, 

(® + y)XD||l,u; = II (a; + y)XE 111,to + IK® + y)XB||l,«; 

= / --(-?/) wdy + - - (~y) wdy 

Je v Jb v 

- (-2/)) wdy + j - y)) w dy 


lE 


= c 


= c 


{l E ~v~ S B ^) + S B ( - y)wi ^- S E ( - y)wdi ‘ 

-- [ -) + \\yxB\\i, w -\\yxE\\i, w . 

v v J B v ) 


Moreover 


Ikxslli,™ + ||yxr>||i,«; = I|®xe II i,u! + ||®xb||i,«j + llyxslli,^ + llyxslli,^ 


= c 


w 


w 


' E V 


IB v 


— dy + — dy) + Hyxslli,™ + ||yxs||i 


B 


It follows that 

f w 

\\xxd\\i,w + IlyXT’lll,™ - \\{x + y)xD\\i,w = 2c / — d/i + 2||yxE||i,i U ^ 2c 

J B v 

hence 

f w 

(7) |(® + y)XD |i,to ^ | \xxd Il.tu + llyxnl 1, TO - 2c / — dy. 

Jb v 

Finally by inequality (JSJ) and definition of e, we get that 

II® + y ||i,t« = IK® + y)xr>||i,TO + IK® + y)xn\D||i,TO 

f W 

< ||®XX>||i,TO + ||yxr»||i,TO - 2c / — dy + ||®Xn\T»l|i,TO + ||yxn\£ 

27 


= 2-2 c 


f w 

Jb v 


dy ^ 2 — 


1 — c 


(1 -c-e) <2-e. 


Whence by © 

II® + y|| = max{||x + y||i,TO, ||(® + y)xr||oo,4 ^ 2 - e, 
which finishes the proof in this case by Lemma 13. 1 ifiTTl) . 

(ii) Assume now that y(Q \ T) = 0 and f n w/vdy > 1. There are a set A C II 
positive measure and a constant c G (0,1) such that 

c [ -dy = 1. 

Ja v 

Moreover, there is a measurable set A\ C A such that 


f w 

Ja 1 v 


dy = 1. 


Let 


® = c-XA, 
v 


and F G A'* be induced by / = -wxa 1 - Since X' = + L i,\/v and \\f\\oo,i/w 

||F|| ^ 1. Let z = (1 /v)xai- Clearly ||^||oo,i; = ||-z||i,to = 1 = ||^||. Moreover F(z) 
that ||F|| = 1. 

We finish the proof similarly as in the previous case. 


,w 



v 


1 ,W 


with finite and 


= 1 we get that 
= — 1. It follows 
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Let 0 < e < min{2c(l — c)/( 1 + c), 1 — c} and y £ S(X) be such that F(y) > 1 — e. Let 


D = {t € A\ : -y(t ) ^ 0}, E = < t £ D : -y(t) ^ 


b = ugL: —y(t) > 


v(t) j ' " v(t) J ' 

Since |yu| ^ 1 p-a.e. on Ll, D = E U B and E n B = 0 we get that 

l-e<F(y) = / w(—y) dp ^ / w(-y)dp = / w(-y)d/i+ / w{-y)dp 

J Ax JD JE JB 

W , f w \ f w , 

— dp — / — dp ) + — dp 

Jb v J J B v 


w w i 

^ / c— a// + / — dp ^ c 

Je v J B v \j Al v 


1 - [ -dp] + [ -dfi = c+(l-c) [ - 
\ Jb V J Jb V J B V 


dp. 


It follows that 

( 8 ) 


f w 

Jb v 


dp ^ 


1 — c 


( 1 -c-e). 


In the same way as in case (i) we obtain inequalities ([6]) and ([7]). Finally by inequalities (JTJ) , 
definition of e, we get that 

Ik + = Ilk + y)xr>||i,w + Ilk + y)xn\D II i,w 


f W 

< Ikxz*||i ,to + llmki,™ -2c J B ~ d ^ + lkxo\Dlli,tu + llz/Xny 


Z? 111,10 


= 2 - 2 c 


f iv 2 c 

/ — dp ^ 2 — -- -(1 — c — e) < 2 — e. 

Jb 


Ib v 1 - c 

Thus by © 

Ik + 2/11 = max{|k + y||i, w , Ik + y||oo,4 ^ 2 - e, 
which finishes the proof in this case by Lemma l3.Hlml) . 


and 


□ 


Theorem 3.7. Let T be a measurable subset ofLl such that p(T) > 0 and v,w £ Lq be weight functions 
on T and Ll, respectively. Let X = Li tW (Q) n L 00 )lI (r) be equipped with the norm ||x|| = |kllu>,u- The 
following conditions are equivalent. 

(i) X has the Daugavet property. 

(ii) X = Loo,'*;. 

(iii) p(Ll \ T) = 0 and f Q w/v dp, ^ 1 . 

Proof. Assuming (iii) we have that |k||i,u> = J^\x\wdfj, = f n \x\vw/v dp ^ |k||oo,u Jq w / v dp ^ 
Iklloo v If follows that Ikll = Iklloov an( I therefore X = L 0ov . Hence (iii) implies (ii) which in 
turn clearly implies (i). By Lemma 1,3.61 we have that (iii) follows from (i). □ 


4. The Daugavet property in the Musielak-Orlicz spaces 

We begin this section with a basic observation regarding Orlicz functions. 

Lemma 4.1. Let (p be an Orlicz function. For every closed and bounded interval I C (d^kyO there 
is a constant a £ (0,1) such that 2p(u/2)/(p(u) ^ a for u £ I. Moreover, if p(b v ) < oo then the same 
statement holds true for closed intervals I C (d v , b v ]. 

Proof. It is not difficult to see that if tp(u/2) = <p(u)/2 for some u ^ 0 then <p(v/2) = ip(v)/2 for 
all v £ [0. u]. Indeed, suppose that there are u > 0 and v £ (0 ,u) such that <p{u/2) = ip(u)/2 and 
<p(v/2) < tp(v)/2. Then \<p(u/2) — p>{v/2)\/[u/2 — v/2] > [p{u) — p{y)\/[u — v\ which contradicts the 
convexity of ip. It follows that for all u £ (d^kvk <p(u/2) < ip(u)/2. Since the ratio 2p(u/2)/(p(u) is a 
continuous function on (d^k^), for every closed and bounded interval I C (d v ,b there is a positive 
constant a < 1 such that 2<p{u/2)/y>(u) ^ a for u £ I. In the case when p>{b^) < oo the interval I can 
include the point b v . □ 

The following lemma generalizes this fact to the case of a Musielak-Orlicz function. 
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Lemma 4.2. Let M be a Musielak-Orlicz function. If p{t £ Ll : d,M(t) < > 0 then there exist 

a set A £ S with positive and finite measure and numbers a, b and (J\ such that a < b, 0 < or < 1, 
[a,b\ C (dM(t), bM(t)), 2M(t,u/2)/M(t,u) ^ o\ for t € A and u € [a, b\, and M is bounded on 
A x [a, b]. 

Proof. Let D = {f £ fl : d]\i(t) < 6 m (i)} and {rr,?’ 2 ,...} C [0,oo) be a countable dense set. Since 
D = U n U m {i € D : duft ) < r n < r m < 6 m (t)}, there are numbers a < b and a set D' C D such that 
pD' > 0 and [a, 6 ] C ( dM{t),bM(t )) for t £ D'. 

Let cr(t) = su.p{2M(t,u/2)/M(t, u) : u £ [a, 6 ]}, t G D’. Clearly cr is a measurable function and 
0 < a{t) < 1 for all t G D'. Denote D n = {l G D' : 1 - 1/n ^ aft) < 1 — l/(n + 1)}. Since D' = U n D n , 
p(Dn) > 0 for some JVgN. Define or = 1 — l/(-/V + 1). Let C n = {t G D/v : n — 1 ^ M(t,b) < n}. 
Since = U n C n there is N' G N such that pCw > 0. Now, by taking as A G S any subset of CV 
with positive and finite measure the claim follows. □ 


Now we state a useful decomposition theorem for the Musielak-Orlicz spaces. The following notation 
will be used in the sequel. For a Musielak-Orlicz function M, we define 

^oo = {t G D : a M (t) = v : Q -G [0, oo), v = 1 /6m, 

Oi = (f G fi \ Dqo : 0 = ajif(f) < dM(t) = buit) = oo}, 

Lt i,oo — G SI \ Dqq . 0 — am(1) ^ c?m(0 — 6m( f) ^ oo}, 


u; : D —>■ [ 0 , oo), u;(f) 


M(t,ut)/ut where ut G (0, 6m(^)) if i £ fii USli.oo, 
0 if f G D \ (Di U Di i0O ). 


For t G Dqo; 6 m (i) £ (0, oo) and so u(f) G (0, oo). Observe also that it) is well defined by the definitions 
of Oi and Di i00 , and w(t) G (0, oo) for f G fijU Hi i0O . In fact w = ajy p-a.e. on D, where N is the 
complementary function of M. Moreover, if t G Di U Oi i00 then M (t, u ) = w(t)u for all u G [0, 6 m(^))- 
Clearly p(Ploo 0 (fli U Di i0O )) = 0. 

It is easy to see that if Qoo = SI up to a set of measure zero, then Lu = L 00 , v = Loo,i/ 6 M with 
||x|| M = ||a;||oo, v If diw(f) = oo for p-a.e. t £ ft then Lm = L^ w = Lp ajv with ||x||m = ||x||i )U) . 
Moreover, if ^(Dqo) = 0 and duft) = &m(£) p-a.e. on Q then 


I'M — I'oo,v(I^‘l,oo') O L\, w (Ll) — I'ooP/bM (IIl,oo) O L\ aN (fl) 
and ||x||m = IMU.t, = max{||x||i, w , ||xxf2 liCO ||oo,v}- 


Theorem 4.3. Let M be a Musielak-Orlicz function. Then for any x G Lm, 

\\x\\ m = max{||xxnj| 00,LM II^XnVHoo II m}, 

and thus 

Tm — Tqoj, (^oo) @00 \ ^ oo) • 

Moreover, if dM{t) = 6 m(^) p-a.e. onLl\Lloo then 

\\x\\m = maxlllxxnooUOi.oo 11 oo,v ? II^XcyQoo II i,u>}> 

and thus 

Lm — Toq^v^LIoo) ©oo (Too,r;(IIl.oo) © L\^ w (Ll \ Dqo)) . 


Proof. It is easy to observe that, if A > 0 is such that |x(t)|/A > 6 m (t) on a subset of Dqo of 
positive measure, that is A < HxxGoo||oo,<;> then pm(x/ A) = oo. Moreover, if A > Hxxq^ ||oo,?; then 
Pm{xxq oo/A) = 0. Hence 

||x|| m = inf {A > H^XCoo ||oo,^ : Pm Oxnv©*, / X) ^ 1} = maxdlxxn^ ||oo,t), IItAo\qJ|m}- 

Assume now that c?m(^) = 6m(£) p- a.e. on D\D 00 . Let x G Lm be such that p{Lloo FI supp(x)) = 0. 
Similarly as above, if A < llxxo^ ||oo,v then p M (x/X) > p{xxn i i 00 /A) = oo. If A > ||xxf 2 i i00 ||oo,ti then 
Pm{x/ A) = PM(xxnJX) + p(xxo li 00 /A) = / n \ noo w\x\/Xdp. Hence 


|x||m = inf < A > HxxQi,, 


’ Q\Q C 


w\x\/X dp ^ 1 > = max{||xxf 2 li 00 ||oo, l ) ) ||zxn\njIi,t«}- 
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For an arbitrary x £ Lm, applying the first part, we get that 

\\A\m = lnaxjll.TXQ^ ||oo,D) ||^XS1 i j00 Hoo,!)) ll a; XD\r2oo lib™} = max {ll a 'XS2 00 ur2i !00 11 oo,-li 5 || a: XD\f2 00 || l,u?}- 

□ 

To characterize Musielak-Orlicz spaces with the Daugavet property we will use the following simple 
observation. A point x £ S(X ) is called uniformly non-tf (or uniformly non-square ), if there exists 
5 > 0 such that min(||x + ?/||, ||x —y||) < 2 — 5 for all y £ S(X). It is worth to mention that non-square 
points and non-squareness properties of the above type have been considered in context of many spaces 

Proposition 4.4. If ( X , || • ||) has the Daugavet property then there are no uniformly non-l\ points 
either in X or in X*. 

Proof. Let x £ S(X) be arbitrary, x* £ S(X*) be such that x*(x) = —1 and e > 0. By Lemma ETTT iiij. 
there is y € S(X) such that x*(y ) > 1 —e and ||x+y|| > 2 —e. Also ||x —y|| = ||y—x|| ^ x*(y—x) > 2—e. 
Hence x is not uniformly non-f^. 

Similarly, let y* € S(X*) and e > 0 be arbitrary. There is x £ S{X) such that y*(x) < —1 + e/2. 
By Lemma f.S.lf ii). there is x* £ S(X*) such that x*(x) > 1 — e/2 and ||x* + y* || > 2 — e. Also 
||x* — y* || ^ (x* — y*)(x) > 2 — e. Hence y* is not uniformly non-ff. □ 

The next proposition is known (Theorem 4 [20]), but we present its proof for completeness. 

Proposition 4.5. Let M be a Musielak-Orlicz function. If x £ Lm and pm(1>mX supp(x)) ^ 1 then 
\\x\\ M = ||x||oo,d- Moreover, Lm = L 00jV with equality of norms if and only if pm^m) ^ 1. 

Proof. It is clear that the condition Pm{1>mXsupp(x)) ^ 1 implies bM < oo p-a.e. on supp(x). 

Suppose that HxHoo^ = 1, that is ||x/6m||oo = 1- Then for every c > 0 there is a set of positive 
measure D C supp(x) such that |x(t)| > (1 — c)6m(^), t £ D. It follows that pm(x/( 1 — c)) = oo. 
Hence ||x||m ^ 1- Since |x| ^ &m p-a.e. on supp(x), pm(x) ^ PM{bMXsupp(x)) ^ 1- It follows that 
||x|| m = 1- 

Suppose now that ||x||m = 1- It follows that pm{x) ^ 1, pm(x/( 1 — c)) > 1 for every c > 0 

and so ||x||oo,t; ^ 1. If ||x||oo,^ = 1 — c for some c > 0, that is |x| ^ (1 — c)&m p-a.e. on H, then 

Pm(x/( 1 — c)) ^ Pm(1>mX supp(x)) ^ 1) which gives a contradiction with ||x||m = 1- Hence HxH^,, = 1. 

We have showed that for all x £ Lm with PM{bMXsupp(x)) ^ 1) \\ x \\m = 1 if and only if HxHoo^ = 1. 

The first claim follows. 

If pM(bu) ^ 1 then by the first part, it is clear that Lm = L^^ with equality of norms. Let 
Lm = L 0QyV with equality of norms. Clearly ||6 m||m = ||^iw||oo,?j = 1- It follows that pm^m) ^ L □ 

Proposition 4.6. Let M and N be complementary Musielak-Orlicz functions. If x £ L° M and 
PN{b]\rXsupp(x)) ^ I then \\x\\° M = HxHi^. Moreover, L° M = L\^ N with equality of norms if and 
only if p N (b N ) ^ 1. 

Proof. By the assumption Pn( bNXsupp(x)) ^ 1 we have that b^ < oo p-a.e. on supp(x). Since for p-a.a. 
t £ H, liniu^oo M(t, u)/u = b]\r(t) and M(t , u)/u is increasing on [0, oo) [T6], we have that M(t, u)/u ^ 
b;s[(t) for p-a.a. t £ fh Hence ||x||^- = inffc >0 k~ l [l+pM{kx)\ ^ inffc >0 fc _1 [l + / n kb;s[\x\ dp] = HxHi^. 
On the other hand \\x\\° M = sup {J n xhdp : pN^h) ^ 1} ^ xb^ sign x dp = ||x|| 1 , 6 ^- The second 
statement follows trivially. □ 

We also need the following result [19} p. 64], 

Lemma 4.7. Let M be a Musielak-Orlicz function with bM = 00 p-a.e. on LI. There exists an 
ascending sequence (T l )'ff l of measurable sets such that p{Tf) < 00 for all i £ N, p(Ll \ U^ 1 Tj) = 0 
and sup igT , M(t, u ) < 00 for all u ^ 0 and all i £ N. 

Before we proceed to the main theorem we need one more technical result. 

Lemma 4.8. Let M be a Musielak-Orlicz function. Then Em {0} if and only if p{t £ Ll : 6m(^) = 
00 } > 0. 
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Proof. It is clear that if 6 m < oo p-a.e. on Ll then Em = {0}. Now let S = {t G Ll : 6 m (i) = oo}. If 
p(S) > 0, since p is er-finite, by Lemma 14771 S = where 0 < p(Si) < oo, i G N and for every 

u ^ 0, the function is essentially bounded on Si. It follows that xs t € Em, i£N. □ 

The following theorem implies that a very wide class of Musielak-Orlicz spaces does not have the 
Daugavet property. 

Theorem 4.9. Let M be a Musielak-Orlicz function. If p{t G LI : d,M(t) < 6 m (t)} > 0 and pm(Im) > 
1 then there is a uniformly non-l\ point in Lm- 

Proof. By Lemma [4.21 there exist a measurable set C with 0 < pC < oo and numbers a, 6 and o\ such 
that a < 6 , 0 < (Ti < 1, [a, 6 ] C ( dM(t),bM{t )), 

(9) M(t , uj 2) ^ a\M(t, u)/ 2 for t G C and u G [a, 6], 

and M is strictly positive and bounded on C x [a, 6 ]. 

Without loss of generality we assume that Pm{^Xc) ^ 1- Denote S = {t G LI : bM(t) = oo}. 

We consider two cases. First, suppose that p(S) > 0. Then, let A C C be such that p(S \ A) > 0 
and pm{clxa) ^ 1- By Lemma Rlsl Em(S \ A) ^ {0}. By Lemma 14.71 there is a measurable set T of 
positive and finite measure such that xt £ Em(S \ A). Define x = axA + where xo = I-oXt and 
do ^ 0 is such that pm{&XA + xo) = 1 . 

Now, suppose that p{S) = 0, that is 6 m < oo p- a.e. on D. Let A C C be such that p(A) > 0, 
Pm{o-XA ) ^ 1 and PM(f>MXn\A ) > 1- We can find a measurable set G C Ll \ A with positive and 
finite measure such that Pm(PmXg) > 1- By the left continuity of the modular, we get that for some 
positive constant ci < 1, Pm(ci 6 mXg) > 1- Let G n = {t € G : n — 1 ^ M(i, ci 6 m(£)) < n}, n G N. 
Since Off =1 G n = G, for r G N large enough, oo > pm(c\ 6 MXu r _ 1 G r J > 1- Let C 2 > 0 be such that 

Cl 

Pm(x 0 ) = 1 - p M {axA), where x 0 = ——,G„- 

1 + c 2 "- 1 

Then Pm ( a XA + %o) = 1 and define again x = axA + %o- 

In both cases pm(x) = 1 and so ||x||m = 1. By the construction we have pm({ 1 + f ) a XA) < oo and 
Pm(( 1 + e ) x o) < oo for some e > 0. Since axA and xq have disjoint supports, 

(10) Pm(( 1 + e)x) < oo for some e > 0. 

Let y € S(Lm) be arbitrary. We split A into disjoint union A = A\ U A 2 U A 3 , where A\ = {t G A : 
6 m(^) = 00 }, A 2 = {t G A : bM(t ) < 00 and M(t, 6 m( 0) = °°} an( I A 3 = {t G A : M(t, 6 m(0) < 00 }. 
Since for every A > 1, pm(p/A) ^ 1, there exist constants c € (0,1) and d > 0 so large that 
p(A fl B) > 0, where 

i? = {f G D : |y(t)| ^ d\AS) + cb M (t)XA 2 (t ) + b M (t)xA 3 (01- 

Let 0 : Ll —> [0,1) be defined by 

"sup {2 M(t, u/2)/M(t , u) : u G [a, d]} , if t G Ai 
_ sup{2M(t,u/2)/M(t,u) : u G [a, c&m (£)]}> if t G A 2 

sup {2M(t, u/2)/M(t, u) : u G [a, 6m(£)]} , if t G A 3 
^ 0 , otherwise. 

It is not difficult to see that a is a finite measurable function and a > 0 on A. It follows that for every 
t G A, 

M(t,u/ 2) ^ a(t)M(t,u)/ 2, 

for all u G [a, d] if t G Ai, for all u G [a, c6m(^)] if t G A 2 , and for all u G [a, 6m(^)] if t G A 3 . Since 
AnB = G A n B : 1 - 1/n < cr(f) ^ 1 - l/(n + 1)}, 

there is a subset H C A n d>, with p(H) > 0 and a constant cr 2 G (0,1) such that 

(11) M(t, u/2) ^ 0 2 M(t,rt)/ 2 , 

for all n G [a, d] if t G H D Ai, for all n G [a, c6m(^)] if f G id fl A 2 , and for all u G [a, 6 m(0] L 
t G H n A 3 . 
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Let cr 0 = max{( 7 i,cr 2 }, 7 = p M (aXA ) and 7 = Pm(cixa\h)- Clearly cr 0 € (0,1), 7 € (0,1] and 
7 € [ 0 , 7 ). It follows that 

(12) 7m(«Xt ) = Pm(oxa) - Pm{clxa\h) = 7 - 7 > 0. 

Let 5 € (0, (1 — (To )(7 — 7 )/2), that is 

(13) (1- 0 o)( 7 - 7)/ 2 - <5 > 0. 

Since a < b, by cnD we find e > 0 such that (1 + e)a ^ b , 7 a /((1 + e)x) < 00 , and 

(14) p M (( 1 + e)z) < pm(^) + 4'. 

Define z = (1 + e)x. 

We finish the proof in a similar way as in the proof of Theorem 3.27 [7J p. 133]. 

Define D = {f € H : x(t)y(t ) ^ 0}, E = H \ D. Since D C H C A n B, by (fill) and by definition 
of the set B, we have that 

PM{(y/2)xD) ( 0 - 2 / 2 )p M {yxD)- 

Moreover, since Ocl,z=(l + e)(axA + xq) and supp(x'o) fl A = 0 we have that \z\xd = (1 + e)a\'A 
and hence by (]9|) . taking into account that A C C, we get 

Pm{(z/2)xd) ^ (o-i/2)pm(2:Xd). 


It follows that 
' z-y 


Pm 


Similarly 


Hence 


XD ^ PM 


max{|z|, \y\} x \ ^ ^ pM ( max {|~| ; \y\} XD ) < y ( Pm(zxd) + Pm{vXd )) • 


Pm 


yyXT j ^ y (pm(zxe) + Pm(vxe )) 


7m 


z + y 


(15) 


XT + Pm 


+ Pm 


2 

2-7 


z-y \ / z + y 

XT = 7M —7—XD + PM 


XD + PM 


2 

z-y 


z + y 


-xe 


2 XT j < ^7 m(zxd) + ^PM(yXD) 


+ y (pm(zxe) + Pm(vxe)) + y (pm(zxd) + Pm{vxd)) 

+ ^Pm(zxd) + ^ Pm(vXe) = 1 y~^ ( Pm(zxh) + Pm(vXh )) • 

By the inequality (TH1) and dehnition of z, 

2 + 5^ pm(v) + Pm(x) + 6^ pm (z) + 7m (y)- 

By the above, (fl2j) . (fl5l) and convexity of the functions M(t, •) for y-a.e. f £ 11, we conclude that 


2 + 5 — pm 


z + y 


Pm 


z-y 


> Pm(z) + PM(y) - PM 


2 

z + y 


Pm 


z-y 


+ Pm(zxh) + Pm(vxh) ~ Pm 

1 - (Tq 


z + y 


XT - PM 


z-y 


-XT 




(pm(zxt) + Pm{vxh)) > 0 ~ PM(zxh) > n a ° PM(axH) = (7 - 7 ) • 


By (fT3l) we get that 


thus 


2 — pm 


mm < p M 


2 

z + y 
2 

z + y 


7m 


1 Pm 


z-y 

2 

z-y 


> 0 , 


< 1. 
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If Pm (^jw) ^ I ff ien II II Af ^ 1 which gives 


x+y/(l+e) 


M 


^ • Hence 


x + y 


x + y/(l + e) 



x + y x + y/{l + e) 

2 

M 

2 

M 


2 2 


M 


y 


Therefore 


V _ 

2 2 ( 1 + e) 

x + y 


M 


2(1 + e) 


1 e 

5>-h 


= 1 - 


M 


1 + e 2(1 + e) 2(1 + e) 


If Pm (~ 2 ^) ^ 1 then we get similarly that 

x-y 


^ 1 - 7 --. 

M 2 (l+ e ) 

Finally, for all y £ S(Lj^), 

min{||x + y\\ M , \\x - t/||m} ^ 2 - e/(l + e), 
that is x is a uniformly non-t'f point. 

From the above theorem and from Proposition 14.41 we have the following corollary. 


□ 


Corollary 4.10. Let M be a Musielak-Orlicz function. If y{t £ H : d,M(t ) < > 0 and 

Pm^m) > 1 then Lm does not have the Daugavet property. 


We need two more results before we state the main theorem. The following lemma is analogous to 
Lemma 4.2 [5] proved there for the maximum norm. 

Lemma 4.11. Let X = X\ ©i X 2 ©i ... ©i X n be a finite direct sum of Banach spaces (7Q, || ■ ||j), 
i = 1 , 2 ,... n, equipped with the norm ||a;|| = ||aq||i + \\x 2 W 2 + ... + ||x n || n , where x = (aq, ai 2 , • • •, x n ), 
Xi £ Xi, i = 1, 2,..., n. If X has the Daugavet property then it is inherited by each component X t , 
i = 1 , 2 ,..., n. 


Proof. Without loss of generality we assume that n = 2. Suppose that X = X 1 + 1 X 2 has the Daugavet 
property. It is enough to show that X\ has that property. Let T(aq) = x*(xi)y\, aq £ X\, be an 
arbitrary rank 1 operator on X\, where x\ £ X*, y\ £ X\ and ||a;*|| = ||yi||i = 1. Clearly ||T|| = 1 
and ||/ + T||a'i->-at ^ 2. We will show the opposite inequality. For any x = (aq,a; 2 ) £ X define 

x*(x) =x\(x 1 ), y = ( 7 / 1 , 0 ) and T(x) = x*(x)y = (ar[(aq)7/i, 0). 

Since X* ~ (X* ffioo X|), j|x*|| = ||x*|| = 1. Moreover ||y|| = ||t/i||i = 1, hence ||T||x^a' = 1- Since T 
is a rank one operator on X, by the Daugavet property of X, 

2 = 11-1 + T\\ X ->x = sup \\x + x*{x)y\\ 

IMRi 

= sup {||xi+ x*(xi)t/i||i + ||x 2 || 2 }- 

Ihilli+INIkO 

Hence for every e > 0 there is x £ X, x = (aq,a; 2 ), ||x|| = ||aq||i + ||a? 2 II 2 ^ 1 such that 
(16) ||aq + x'i(aq) 7 /i||i > 2 - e - ||ai 2 || 2 > 1 + ||aq||i - e. 


It follows that 


2 > 


aq 


aq 1 


an 


aq 


aq 1 


y 1 


> 


pi 1 


+ 1 - 


ll*i Hi 


Multiplying by ||aq||i, we get that ||aq||i ^ 1 — e. Hence by (fl6l) . 


||7 + T|| ^ ||aq +T(xi)||i = ||aq + x*(xi)t/i||i > 2 - 2e. 
It follows that ||/ + T|| = 2. 


□ 


Recall that a weak* slice of B(X*) is a set of the form {/ £ B{X*) : f{x) > 1 — e}, where x £ S(X) 
and 0 < e < 1. Observe that any weak* slice of B{X*) is a slice of B(X*). For a proof of the following 
proposition see Proposition 1.1.11 m and Lemma 3.1 |15j . 
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Proposition 4.12. Let X be a Banach space. The following conditions are equivalent. 

(i) The norm on X is 2-rough, that is for all x £ X, 


lim sup 

IN|->o 


x + ^11 + ll x ~ h\\ — 2 ||x 

m 


= 2 . 


(ii) X* has the weak* slice (or local) diameter 2 property, that is every weak* slice of B{X*) has 
diameter 2 . 

(iii) The norm on X is locally octahedral, that is no point of S{X) is uniformly non-P.\. 


Finally, we state theorem which characterizes Musielak-Orlicz spaces with the Daugavet property. 


Theorem 4.13. Let M and N be complementary Musielak-Orlicz functions, v = 1/bM, w = ajv, 
^oo = {t £ H : om{ t) = &m(£)}> = {t £ 11 \ H 0 Q : d]w(t ) = 6 m (i) = oo} an d Hi )00 = {t £ H \ Hoc : 
dM(t) = 6 m( t) < oo}. The following conditions are equivalent. 

(i) Lm has the Daugavet property. 

(ii) Ijy — L\, w or Lm — Lqq^ v or Lm — T 00 ^ v {Ll 0G ) ©oo T\ w {Ll \ Hqo). 

(iii) F-^ L °o,\/w L ltl/V or Lj y L± , 1 / 11 (^ 00 ) ©1 ^oo,i/io(^ \ ^ 00 ) ■ 

(iv) L° n has the Daugavet property. 


Proof. Let Lm have the Daugavet property. By Corollary 14.101 we have that p{t £ Q : dM(t ) < 
6 m(£)} = 0 or pm( 6 m) ^ 1- The latter condition is equivalent to Lm = L 00<v by Proposition 14.51 The 
former condition implies that for p-a.e. t £ D\D 00 we have dM (t) = bM{t). Hence in view of Theorem 

E2 


(17) 


' L 1)W , if p(Q \ Hi) = 0, 

Tqo,vi 1^ /r(H \ Hqq) — 0, 

Too,v(^loo) ©00 T\ w {Ll \ Hqq), if ^/(Hqo), p{Ll \ Hqq) 0 and /i-(Hi 500 ) — 0 , 

k Tqo,v (f^oo) ©OO (Ll \ f^oo) C ^00,1? (f^l,0O) ) ; If ^l(H\H oo);h(f^l,Oo) ^ 


By Theorem 13.71 applied to H \ Hqo and Hi ]OC for H and T respectively, the second component of the 
last space in (fTD) has the Daugavet property if and only if it is equal to L 00 ; ^(H\H 00 ). Hence, in view 
of Lemma 4.2 [4] we see that (i) implies (ii). Since the Daugavet property is lifted from components 
of ©oo sums to the whole space [28] we conclude that conditions (i) and (ii) are equivalent. Since the 
last statement is also true for ©1 sums [28], we see that (iii) implies (iv). 

Assume now that (iv) holds true. We will show that p{t £ H : 4m(^) < 6m(^)} = 0 or /?m(6m) ^ 1- 
Suppose that this condition is not satisfied. Then by Theorem 14.91 we have that Lm is not locally 
octahedral. Hence, by Proposition 14. 121 the dual space {Lm)* — L° N ©S' fails the weak* slice diameter 
2 property. Therefore we can find a weak* slice 


S{x, e) = {/ <G B{{Lm)*) - f{x) > 1 — e} 

with the diameter less than 2, where x £ S(Lm ) and e > 0 . Let n : Lm —> {Lm)** be the canonical 
mapping defined by {k{x)){x*) = x*{x), x* £ X*. Consider the sets 

S'{x , e) = {f £ B{(LmT) ■ f £ (Lm)* and f{x) > 1 - e} 


and 

S"{F,e) = {y£ B{L° N ) : F{y) > 1 — e} 

where F = n{x). Since (Lm)* — {Lm)' = L° N , there is a bijective correspondence preserving norm 
between S'{x,e) and S"{F,e). Since S'{x,e) C S{x,e) we see that the slice S"{F,e) of B{L° N ) has the 
diameter less than 2. Hence L° N fails the slice diameter 2 property. In particular Lfj does not have 
the Daugavet property, which contradicts (iv). 

Hence, indeed it must be that p{t £ H : dM{t) < 6 m(^)} = 0 or pm( 6 m) ^ 1- The latter condition 
is equivalent to L° N = L xl / v by Proposition 14.61 Similarly as previously, the former condition together 
with Theorem 14.31 the Kothe duality {Lm)' = L° N (Theorem 15.4|) and (fI71) gives = L oo l / W , or 
Tjv ^1,1/tM o*" k j i ^/ v {Ll 00 ) ©1 L 00 ^/ w {Ll \ Hqo), 01 

Ln = ©1 {Li i^ v (Hi iCO ) + Lqq ^\/ w {Ll \ Hqo)), 
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where the norm on the second component is \/ v - Since the latter space has the Daugavet 

property, by Lemma [4.111 we infer that the second component of that space has the Daugavet property 
as well. Now we see that the condition (iii) follows from Theorem 13.51 Hence (iii) and (iv) are 
equivalent. 

Conditions (ii) and (iii) are clearly equivalent by the Kothe duality L° N = ( Lm)' and ( L° N )' = Lm 
(see the appendix). □ 

Corollary 4.14. Let M be a Musielak-Orlicz function such that 0 < M(t,u ) < oo for p-a.a. t € H 
and for all u > 0, that is om = 0 and bM = oo p-a.e. on f l. Let N be the function complementary to 
M. The following conditions are equivalent. 

(i) Lm has the Daugavet property. 

(ii) Lm = Li } 0iN . 

(iii) Ljy -^ 00 , 1 /ajv- 

(iv) L° n has the Daugavet property. 

As we noted in the introduction, if M(t,u) = p(u) for all t € fl and u ^ 0, where p is an Orlicz 
function then Lm = L p , the Orlicz space generated by p. In this case = a v and 6 m = b v on H, 
where a v and 6 p are constants defined in the introduction. 

Corollary 4.15. Let p and if be complementary Orlicz functions. The following statements are 
equivalent. 

(i) L p has the Daugavet property. 

(ii) L<p = L\ a ^ or L p = L^^/b^- 

(iii) = L a 0il/0 ^ or = L lfiip . 

(iv) L ^ has the Daugavet property. 

Another corollary from Theorem 14. 131 is the following generalization of Theorem 4.1 [4]. 

Corollary 4.16. Let L p ^ be a Nakano space, where 1 ^ p(t) ^ oo and 1 /p(t) + l/q(t) = 1 for p-a.a. 
1 6 SI with the usual convention that q(t ) = oo if p(t) = 1. Denote Hqo = {t € Q : p(t) = oo}. The 
following statements are equivalent. 

(i) L p has the Daugavet property. 

(ii) Lp (j) — L\ or L p ^ — L^ or L p ^ — L\(Ll \ Hqo) ©oo ki 00 (Ll 00 '). 

(iii) — ^oo or — kj i or — ©^(H \ Hqo) ©i L\(Ll 00 '). 

(iv) L°has the Daugavet property. 

From the proof of Theorem 14. 131 we can also deduce the following result. 

Corollary 4.17. If L° N has the slice diameter 2 property then L° N = L oo l / aN , or L° N = L\^ M , or 
= k^l^M^kloo) ©1 ^ 00 , 1 /aAT {kl \ ^oo); or Ljy = Lif, M (H 00 ) ©1 (Tl.fe M (Hi j00 ) + Too ,l/a, N {kl \ ^oo))- 

Appendix: Kothe duality 


In this section we present a proof of Kothe duality of Musielak-Orlicz spaces. The result is well 
known. However, to the best of our knowledge, a direct self-contained proof of that result in the 
general case has never been published. 

We need the following result on Orlicz functions characterizing equality in Young’s inequality [El- 


Proposition 5.1. Let p and if be a pair of complementary Orlicz functions and p'_, pbe the left 
and right derivative of p, respectively. Let 

dp(u ) = {v ^ 0 : p(u ) + if(v) = uv}, u ^ 0. 

Then 

(i) <9^(0) = [0,a^] = 

(ii) kf u £ (0,bp) then dp(u ) = [p'_{u),p' + {u)\. 

(iii) If p'_(bp) < oo then dp(b p ) = [p'_(bp),oo). 

(iv) If p{bp) = oo then dp(b v ) = 0. 

(v) If u > bp then dp(u) = 0. 
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Lemma 5.2. Let ip and ip be a pair of complementary Orlicz functions and ip'_ be the left derivative 
of ip. If by < oo then ip{ip'_(u )) < oo for all u > 0. 

Theorem 5.3. Let M be a Musielak-Orlicz function. The Kothe dual {L° M )' = Ln- 


Proof. Recall that ( L° M )' is isometrically isomorphic to the space of all order continuous functionals 

Ui,)c- 


Let g £ Ln and F : L° M -> I be defined by F(f ) = J n fgdp. By definition of || • \\° M , \F(f)\ ^ 
\\f\\° M \\g\\N- Hence ||F|| ^ ||ff|| jv- Thus F is a bounded linear order continuous functional. Next we 
show the reverse inequality. Without loss of generality we assume that ||g||jv = 1. ft follows that 
p N (g) ^ 1 and Pat((1 + e)g) ^ 1 for all e > 0. In the sequel, by N' we denote the left-side derivative 
of N with respect to u (we define N'(t, 0) = 0, t £ Cl). 

We consider two cases. 

Case 1. There is eo > 0 such that (1 + eo)|ff| ^ 6/v /i-a.e. on Cl. Fix e £ (0,eo). In view of 
(1 + e)\g\ < bw /i-a.e. on H, by Lemma [5721 the function (1 + e)|g|(-))) is nonnegative and 

finite /i-a.e. on ft. Since p is c-finite, there is an ascending sequence of measurable sets with finite and 
positive measure such that Cl = Let T n = {t £ Cl n : M(t,N'(t, (1 + e)|g|(t))) ^ n}, 

n £ N. Clearly (T n )ff =l is an ascending sequence of measurable sets of finite measure satisfying 


(18) 


sup M(t, N'(t, (1 + e)|<?|(t))) < oo, n £ N. 

t&T n 


Moreover p(Cl \ U n T n ) = 0. Indeed, for t £ Cl\ U n T n we have that t £ Cl n for all n ^ no, for some 
no £ N and t £ U < pf = 1 T n . This implies that for all n ^ no, M(t,N'{t,{ 1 + e)|</|(/))) > n. Since 
(1 + e)|ff|(-))) is Hnite /i-a.e. on Cl we conclude that p(Cl \ U n T n ) = 0. 

Let g n be a sequence of non-negative simple functions such that g n t \g\ /i-a.e. on Cl and /j(supp g n ) < 
oo, n £ N. Define 

9n = gnXT n , n £ N. 

Clearly g n ^ \g\ and g n f \g\ /i-a.e. on Cl. Therefore />at((1 + e)g) = lim^oo pjy((l + t) 9 n) and 
Pn((I + e)g n ) ^ 1 for all n large enough. By Proposition 15.11 for all n £ N, 

(19) dN(t, (1 + e)g n {t)) / 0 for /i-a.a. t £ Cl. 

Moreover, since g n ^ \g\, in view of (fl 8 l) we get that for n £ N, 

(20) [ M(t, N'(t, (1 + e)g n (t))) dp < oo. 

.hi 

Define 

y n {t) = N'(t , (1 + e)g n (t)) sign (g(t)), t £ Cl, 

and 

p _ Vn 

PM(Vn) + 1’ 

The functions f n are well defined since pM{Vn) < oo for every n £ N by (1201) . By Young’s inequality 
for every h £ Lq and /i-a.a. t £ Cl, 

\Vn(t)h(t)\ = N'(t, (1 + e)g n (t))\h(t)\ ^ M(t, N'(t, (1 + e)g n (t))) + N(t, |h(t)|). 


Hence 


\\fn\\°M = SUp 


\Vnh\ 


: p N (h) < 1 ^ < 1 


In PM(y n ) + 1 

By (1191) the following equality in Young’s inequality holds true for /i-a.a. t £ Cl 

N'(t, (1 + e)g n (t))( 1 + e)g n (t) = —j—[ M(N'(t, (1 + e)g n (t))) + N(t, (1 + e)g n (t))]. 


1 + e 
It follows that 

\\ F \\ = sup 

1 


f9 dp 


1 + e 


/ 

Jn 




1 + e 


fn9n sign (g) dp 


N'(t, (1 + e)g n (t))g n {t) 


dp 


M( t,N'(t,( 1 + e)g n (t))) + N(t, (1 + e)g n (t)) 
Pm{v) + 1 


dp = 


PM{Vn) + 1 
1 PM(yn) + PN((I + e)g n ) 


1 + e 


Pm (tin) + 1 
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Since 1 ^ p N (( 1 + e)g) = lim, woo pat((1 + e)g n ), we conclude that ||F|| ^ 1/(1 + e) = ||p||at/( 1 + e)- 
But we can take e arbitrarily close to 0, hence ||F|| ^ ||fi'||Ar- 

Case 2. For every e > 0 there is a measurable set E e of positive measure such that (1 + e)\g\ > bjy 
p-a.e. on E e . Let 

( 21 ) A n = {i G 0 : \g(t)\ > (1 - l/n)b N (t)}. 


Clearly p(A n ) > 0 and < oo p-a.e. on A n for every n € N. There are measurable sets B n C A n of 
positive and finite measure such that f B b n dp < oo, n £ N. Define 


fn 



XB n sign (g), n £ N. 


Since for any h £ Lq with pn{K) ^ 1 we have \h\ ^ bjg p-a.e. on D, so 


\\fn\\°M = sup 


in 


fnh 


: PN(h ) <1^1. 


From m we get that 


f n gdp=( b N dp j / g sign(#) dp = ( / b N dp) / \g\ dp > 1 - 1 /n. 

J B n / J B n B n / B n 


It follows that ||F|| ^ Hfi'llw- 

The fact that every order continuous functional on L° M is of the integral form follows from the 
Radon-Nikodym Theorem. Indeed, let F be an order continuous functional on L° M . From the Radon- 
Nikodym Theorem it follows that there is a measurable function g such that F(xe) = f^adp for 
every measurable set E with p(E) < oo such that xe G L° m . Let / £ L° M be such that / ^ 0 p-a.e. 
on Q. There is a sequence (f n ) of simple functions such that 0 ^ f n ^ / and f n t f P~ a.e. on Q. 
Since F is order continuous we have that | F(f — f n )\ —> 0 as n —> oo. Hence F(f ) = lim n F(f n ) = 
lim 7 i J n f n g dp = J n fgdp. Since an arbitrary / £ L° M can be written as / = / + — /“, where f + 
and f~ are positive, we see that F(f) = J n fgdp for every / £ L° M . Since \\f\\° M ^ 2||/||m for every 
/ £ L° m , we have that 


WpWn = su p 

= 2 sup 


in 


fa dp 
hg dp 


M ^ 1 > ^ SUp 


in 


fa dp 


c l 


M 


°M ^ 1 r — 2||T|| < OO. 


Hence g £ Ljg- 


□ 


Theorem 5.4. Let M be a Musielak-Orlicz function. The Kothe dual ( Lm )' = L° N . 

Proof. Let g £ L° N and F : Lm —>• R be defined by F(f) = fgdp. Clearly l 7 is a bounded linear 
order continuous functional. Since for f £ Lm , II/IIm ^ 1 if and only if Pm(/) ^ 1 we get that 

11*11 = su p(I In fadpj : II/IIm < 1 } = sup{\ f Q fgdpj : p M (f) O} = lls'll^- 

The fact that every order continuous functional on Lm is of the integral form follows similarly as 
in Theorem 15.31 □ 
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